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The effects of property variations in single-phase laminar forced micro-convection with constant wall heat
flux boundary condition are investigated in thiswork. The fully-developed flow throughmicro-sized circular
(axisymmetric) geometry is numerically studied using two-dimensional continuum-based conservation
equations. The non-dimensional governing equations show significance of momentum transport in radial
direction due to m(T) variation and energy transport by fluid conduction due to k(T) variation. For the case of
heated air, variation in Cp(T) and k(T) causes increase inNu. This is owing to: (i) reduction inTw, (Tw�Tm), and
(vT/vr)w and (ii) change in vTm/vz results in axial conduction along the flow. The effects of r(p,T) and m(T)
variation on convective-flow are indirect and lead to: (i) induce radial velocity which alters u(r) profile
significantly and (ii) change in (vu/vr)w along the flow. It is proposed that the deviation in convection
with Cp(T), k(T) variation is significant through temperature field than r(p,T), m(T) variation on velocity field.
It is noted that Nu due to variation in properties differ from invariant properties (Nu ¼ 48/11) for low
subsonic flow.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

Theminiaturised electronic devices are faster, lighter, compact and
complex, which often require cooling to avoid overheating. These
devices have dimensions in the order of micron and therefore termed
as micro-flow devices (MFD). The MFD are having numerous appli-
cations in diverse areas viz. cooling of integrated circuit, microelec-
tronic, microfuel cell, microturbine, microscale heat exchanger,
microspace craft control, avionics and bioengineering. The miniatur-
isation technologyaggravates theproblemof overheatingof electronic
components and leads tohighheatfluxdissipation.Highperformance,
high speed MFD requires high rate of heat removal and therefore
efficient thermal design and control methods are essential. Over the
last decade major attention has been given to MFD due to shrinking
dimensions and low coolant requirement. Therefore, it is necessary to
understandmicro-flowcharacteristics in transport phenomenawhich
are the focus of present research.

Microchannelheat sinksusing liquid as coolantwerefirst proposed
for cooling of electronic devices by Tuckerman and Pease [1].
Several researchers [2e5] have carried out theoretical and experi-
mental investigations in microfluidics. They reported deviation in
laminarmicro-flowcharacteristics of gas/liquid compared todeviation
observed in macro-flow. Sobhan and Garimella [6] presented
fax: þ91 (0)22 25722602.
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comparison of studies on fluid flow and heat transfer in micro
and minichannels. Their solution partly explains the discrepancies
between experimental results and conventional correlations for larger
tube. Single-phase micro-convection has been extensively reviewed
and summarized by Palm [7] and Rostami et al. [8]. They argued that
micro-flowcharacteristics cannotbepredictedbyconventional theory
and classical correlation due to probable reasons of compressibility
and rarefaction effect. Steinke and Kandlikar [9] proposed a compara-
tive analysis to focus on departure of flow behaviour in microchannel
from conventional channel. They concluded that conventional Stokes
and Poiseuille flow theories are applicable in micro-flows. Mahulikar
et al. [10] have recently reviewed the literature on microscale fluid
flowand reported deviations of heat transfer due to important scaling
effects that are significant at microscale. There are deviations in
the result of heat transfer characteristics due to various scaling effects,
whose significance has been discussed by Morini [11].

In conventional channel, Nu remains constant for laminar forced
convection under constant wall heat flux boundary condition
(CWHF BC). However, numerical results using continuum approach
and experimentally determined Nu for micro-flows have been
found to be sometimes agreed [9] and otherwise contradicted with
correlations for macro-tubes [12e15]. Mokrani et al. [16] confirms
that the continuum mechanics laws for liquid convection remain
valid in microchannel for hydraulic diameter (Dh) � 100 mm. They
observed that Nu for laminar region is in good agreement with
well known analytical data presented by Shah and London [17].
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Nomenclature

D diameter of micro-tube [m]
h heat transfer coefficient [W m�2 K�1]
L length of micro-tube [m]
m mass flow rate [kg s�1]
pm cross-sectional average pressure [N m�2]
r, z radial and axial cylindrical coordinate [m]
T(r) temperature profile in radial direction [-]
Tm bulk mean temperature [K]
T0 inlet temperature [K]
Tw temperature of wall [K]
u(r) axial velocity profile in radial direction [-]
v(r) radial velocity profile in radial direction [-]
q00w heat flux at wall [W m�2]
(vu/vr)w wall velocity gradient [s�1]
vT/vr radial temperature gradient [K m�1]
vTm/vz bulk mean axial temperature gradient [K m�1]

Greek symbols
g specific heat ratio [-]
< universal gas constant [ ¼ 287 J kg�1 K�1]
r(p,T) pressure and temperature dependant density [kg m�3]
Cp(T) temperature dependant specific heat at constant

pressure [J kg�1 K�1]

k(T) temperature dependant thermal conductivity
[W m�1 K�1]

m(T) temperature dependant viscosity [N s m�2]
sw shear stress at wall [N m�2]
SrT density temperature sensitivity (vr/vT)
Srp density pressure sensitivity (vr/vp)
SCp specific heat temperature sensitivity (vCp/vT)
Sk thermal conductivity temperature sensitivity (vk/vT)
Sm viscosity temperature sensitivity (vm/vT)

Dimensionless numbers
Kn Knudsen number mm(p)0.5/rm(2ℛTm)0.5

M Mach number um/(gℛTm)1/2

Nu Nusselt number hD/km
Pe Peclet number rmumCpmD/km
Re Reynold number rmumD/mm

Subscripts
CP constant properties
D based on diameter
in value at inlet
ex value at outlet
m mean value, properties evaluated at bulk

mean temperature, Tm
w condition at wall
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In a recent study by Lee et al. [12], it is pointed out that discrepancy
between numerical results based on conventional approach and
experimental data is due to mismatch of (i) boundary conditions
(BCs) and (ii) geometry selected for comparison.

Over the last decade, the literature on micro-flow shows
inconsistencies between experimental results and correlations. The
deviation is due to following reasons: (i) geometric configuration,
(ii) uncertainties in measurement of dimensions, (iii) measurement
errors in fluid and surface temperatures, (iv) variations in fluid
properties, (v) nature of thermal and flow boundary conditions and
(vi) conjugate heat transfer between wall and fluid. It is observed
that the correlations for macrochannels are not applicable at the
microscale and the results are deviated [11,18e20]. To explain these
deviations modifications to the BCs are given by scaling effects.
For gasflows, the scaling effect is classified into rarefaction and non-
rarefaction. The rarefaction scaling effects arises because of failure
of continuum assumption, while non-rarefaction effects are those
effects which do not require modification of NaviereStokes equa-
tion. Thus, it includes terms which are prominent at the microscale
and often neglected in conventional channel analysis. The impor-
tant scaling effects at microscale are axial conduction, viscous
dissipation, compressibility effect and property variation due to
steep gradients. The property variation is one of the non-rarefaction
effects that increasingly play a vital role from macro-to-microscale
convection and this paper focuses on its role in micro-convection
performance.

1.1. Literature review on variations in fluid properties

TheMFD are characterized by low Re and high q00w. The variations
of fluid properties in micro-convection are much stronger due to
steeper temperature gradients and hence its role is significant.
As dimensions of these devices reduce, the temperature dependent
properties predominantly influence the heat transfer, friction factor
and flow profile. It has been also observed that effect of m(T) is
non-negligible in simultaneously developing laminar flow at low
Re [21,22]. Li et al. [23] numerically studied the effect of variation
in thermophysical properties with temperature at low Re. They
observed that both average and variable properties methods results
in high h and lower friction coefficient than theoretical prediction.
Further, they confirmed that variable property method is accurate
in predicting Nu than inlet property and average property methods.
Toh et al. [24] observed that the heat input lowers the frictional
losses particularly at low Re regime. They reported that increase
in temperature of fluid leads to decrease in m(T) and found that k(T)
variation has negligible effect on friction factor.

Previously, Bradley and Entwistle [25] have studied effect of
property variation for fully-developed flow in a circular tube. They
presented a numerical solution at constant wall temperature for air
in the range 350e2500 K and noted that fluid acceleration makes
substantial axial momentum change. Earlier, reference temperature
method and property ratio-method [17,26] were used for correcting
Nu in conventional channel which fails to predict convection for
large q00w. Further, Herwig [27] studied the effect of variable proper-
ties by asymptotic method (AT) using linear temperature depen-
dence of fluid properties. In AT, axial conduction term in energy
equation [v/vz(k$vT/vz)] along the flow directionwas not considered
since it assumes small q00w. In above methods r-momentum equation
was not solved, since it was assumed that Re is high. This theory was
precise and unable to provide convection at large q00w. In a nutshell,
AT is suitable only for conventionally sized channel where Re is large
and q00w is small.

In line with above investigation, Mahulikar and Herwig [28]
theoretically demonstrated the increasing significance of m(T)
and k(T) from macro-to-microscale convection. Later, distortion
of u(r) profile due to m(T) and axial conduction due to k(T) vari-
ation was numerically illustrated by Mahulikar and Herwig [29].
They observed that the deviation in liquid convection due to k(T)
exceeds the deviation due to m(T) variation. The Nu can be
changed by 70% due to net effect of induced radial, modified axial
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convection and r(p,T) variation [30]. Further, they computationally
demonstrated that the ratio of radial to axial convection tends to
be of the order of one [31]. Thus, rcv ¼ R R

0 vðvT=vrÞr$dr= R R
0 u

ðvT=vzÞr$dr/Oð1Þ, hence, radial convection mechanism can not
be ignored at microscale. They found that local Nu increases with
increase in q00w due to influence of variations in m(T) and k(T). They
also observed that laminar gas micro-convection characteristics are
significantly affected by physical effects of variations in properties,
since, radial flow is induced with r(p,T) and m(T) variations due to
flow continuity [32]. Recently Gulhane and Mahulikar [33]
numerically studied the variations in properties for Graetz problem
with low subsonic flow. They reported that deviation in Nu is due to
significant effect of srT which results from steep temperature
gradients. The above mentioned investigation uses high q00w and
low Re, which is better suited for micro-flows. Thus, it is noticed
that attempts have been made to solve r-momentum equation
which was ignored in property ratio and AT methods [28e33].
At microscale, additional physical mechanisms are required to
determine micro-convection characteristics. Therefore, the role of
property variation using r-momentum equation approach is more
important.
1.2. Objective and scope of investigation

The researchers so far did not explore the role of Cp(T) variation
without entrance effect in the literature. This aspect motivates
researchers to understand fundamental differences in various
physical mechanisms induced by Cp(T), k(T) and m(T) in conjunc-
tion with r(p,T) variation. The existence of high temperature
gradient in microscale devices implies that associated temperature
dependent property gradients are also high. The various mecha-
nisms that influence the Nu are: (i) radial convection, (ii) radial
conduction, (iii) axial convection and (iv) axial conduction. The
present work numerically illustrates the role of property variation
in velocity and temperature fields and its contribution to laminar
gas micro-convection with high aspect ratio geometry. This is
a sequel of the work presented by Mahulikar and Herwig [32],
wherein property variation is coupled with fully-developed
flow. The main objective of the present work is to investigate role
of r(p,T), Cp(T), k(T) and m(T) in each of the above mentioned four
mechanisms and especially the influence of Cp(T) on axial
temperature gradient, axial conduction, Conductance number, and
Nusselt number.
2. Description of the problem

A circular cross-section with aspect ratio (L/D) ¼ 100 is
subjected to CWHF BC as shown schematically in Fig. 1. For all
investigated cases, the following input data is fixed:

R ¼ 375 � 10�6 m, L ¼ 75 � 10�3 m, T0,in ¼ 273 K and rmum ¼
16.96 kg/m2s. The effects of variation in properties are computed
Fully-developed 
temperature & velocity profile 
at exit 

Fully developed temperature 
& velocity profile at inlet  

zr
umax = 2um
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L = 100 D
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Fig. 1. Schematic of circular tube with constant wall heat flux boundary condition.
with um,in ¼ 20 m/s, q00w ¼ 5W=cm2 and Rein ¼ 518. The q00w values
can be much higher and um,in much lower for smaller micro-tubes.
These values are selected on the basis that maximum temperature
of air (Tw,ex) in the computational domain should not exceed its
dissociation temperature.

The L/D value is selected to ensure that (i) highest Kn and M in
domain is less than 0.001 and 0.3, respectively and (ii) the rates of
change of dimensionless profiles of transport variables (u, v, T) along
the flow are equated to zero. To simulate the problem, computa-
tional domain is mapped with structured and refined grids. This
ensures high densities in the vicinity of walls and in the inlet region
where high gradients exist. A gradedmesh is used in order to capture
abrupt change in flow and temperature fields in both directions.
A mesh comprises of 40 000 cells [ ¼ 400 (axial direction) � 100
(radial direction)] with grid successive ratio 1.01 in axial and 0.99 in
radial direction.
2.1. Mathematical modelling of heat transfer

The steady-state, two-dimensional, compressible, continuum-
based laminar conservation equations in cylindrical co-ordinates
(with axisymmetry) are numerically solved for the above described
domain. The equations incorporating r, Cp, m and k variation for
convective-flow in uniform cross-section in dimensional and
non-dimensional forms are as follows.

2.1.1. Conservation equations
2.1.1.1. Continuity equation

2.1.1.1.1. Dimensional form

v$ðvr=vrÞþr$ðvv=vrÞþðr$v=rÞþr$ðvu=vzÞþu$ðvr=vzÞ¼0; (2.1)
2.1.1.1.2. Non-dimensional form
�
SrT$PSrT;in

�
$½v$ðvq=vrÞ þ ðu=2Þ$ðvq=vzÞ� þ ðr$v=rÞ

þr$ðvv=vrÞ þ ðr=2Þ$ðvu=vzÞ ¼ 0; (2.1.1)

2.1.1.2. Z-momentum equation
2.1.1.2.1. Dimensional form

r$½v$ðvu=vrÞ þ u$ðvu=vzÞ� ¼ � ðvp=vzÞ þ ½ðm=rÞ þ ðvm=vrÞ�
$ðvu=vrÞ þ m$

��
v2u=vr2

�
þ �

v2u=vz2
��þ ðvm=vzÞ

$ðvu=vzÞ; (2.2)
2.1.1.2.2. Non-dimensional form
r$ReD;in$½2v$ðvu=vrÞ þ u$ðvu=vzÞ� ¼ � ðvp=vzÞ þ �
Sm$PSm;in

�
$½4ðvq=vrÞ$ðvu=vrÞ
þ ðvq=vzÞ$ðvu=vzÞ�
þ m$

�
4ðvu=vrÞ=r

þ 4
�
v2u=vr2

�
þ�

v2u=vz2
��
; (2.2.1)

2.1.1.3. r-Momentum equation
2.1.1.3.1. Dimensional form

r$½v$ðvv=vrÞ þ u$ðvv=vzÞ� ¼ � ðvp=vrÞ þ ½ðvm=vrÞ � ðm=rÞ�
$ðv=rÞ þ ½ðvu=vrÞ þ ðm=rÞ�$ðvv=vrÞ
þ m$

��
v2v=vr2

�þ �
v2v=vz2

��
þ ðvm=vzÞ$ðvv=vzÞ;

(2.3)
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2.1.1.3.2. Non-dimensional form

r$ReD;in$½2v$ðvv=vrÞ þ u$ðvv=vzÞ� ¼ � 2ðvp=vrÞ þ �
Sm$PSm;in

�
$f4ðvq=vrÞ$½ðv=rÞ þ ðvv=vrÞ�
þ ðvq=vzÞ$ðvv=vzÞg
þ m$

�
4
�ðvv=vrÞ=r

þ �
v2v=vr2

�� �
v=r2

��
þ�

v2v=vz2
��

; (2.3.1)

2.1.1.4. Energy equation
2.1.1.4.1. Dimensional form

r$Cp$½v$ðvT=vrÞ þ u$ðvT=vzÞ� ¼ ½ðk=rÞ þ ðvk=vrÞ�$ðvT=vrÞ
þ k$

�
v2T=vr2

�
þ ðvk=vzÞ$ðvT=vzÞ
þ k$

�
v2T=vz2

�þ m$
�½ðvv=vzÞ

þ ðvu=vrÞ�2þð4=3Þ��vv=vr�2
þ ðv=rÞ2þðvu=vzÞ2�ðvv=vrÞ
$ðv=rÞ � ðvv=vrÞ$ðvu=dzÞ
�ðv=rÞ$ðvu=vzÞ��; (2.4)

2.1.1.4.2. Non-dimensional form
r$Cp$PeD;in$½2v$ðvq=vrÞ þ u$ðvq=vzÞ� ¼ �
Sk$PSk;in

�
$
�
4ðvq=vrÞ2

þ ðvq=vzÞ2�
þ k$

�
4ðvq=vrÞ=r

þ 4
�
v2q=vr2

�
þ �

v2q=vz2
��

þ �
Brqw

�

$
�fðvv=vzÞ þ 2ðvu=vrÞg2

þ 16=3
�ðvv=vrÞ2

þ ðv=rÞ2þ�
1=2vu=vz

�2
� ðvv=vrÞ$ðv=rÞ
� 1=2ðvv=vrÞ
$ðvu=vzÞ � 1=2ðv=rÞ

$ðvu=vzÞ��; ð2:4:1Þ
2.1.2. Defining flow parameters

Theu and vare the velocities in z (axial) and r (radial) direction. The
cross-sectionally averaged, axial velocity and bulk mean temperature
are defined as: um ¼ ð1=rAÞ R

A
r$uðrÞ$dA and Tm ¼ ð1=umAÞ R

A
uðrÞ$T

ðrÞ$dA, respectively. The non-dimensional temperature and static
pressurearegivenas:q ¼ km;inðTin � Tm;inÞ=q00w$D andp ¼ p$D=mm;in
Table 1
Dimensional and non-dimensional variable.

1 Cp k m
2 Cp ¼ Cp=Cpm k ¼ k=km m ¼ m=mm
3 SCp Sk Sm
4 SCp ¼ SCp=SCpm Sk ¼ Sk=Skm Sm ¼ Sm=Smm

Note: Variables in row 1 & 3 are dimensional while, variables in row 2 & 4 are non-dim
$um;in respectively where, subscript ‘m’ refers to the mean value of
the parameter. The other non-dimensional parameters involved in
problem formulation are given in Table 1. The ReD,in and PeD,in are the
inlet Reynold andPeclet numbers, respectively. TheBrinkmannumber
ðBrqw ¼ mm$u2m=q00w$DÞ is basedon the ratio ofmomentumtransfer to
heat transfer from thewall and its value reduceswith high q00w and low
umandvice-versa. Theotherparameters inequations (2.1)�(2.4) areas
follows: PSrT;in ¼ SrTm;in$q00w$D=ðrm;in$km;inÞ;PSm;in ¼ Smm;in$q00w$D
=ðmm;in$km;inÞ;PSk;in ¼ Skm;in$q

00
w$D=k

2
m;in:

In Energy Eq. (2.4), Brqw is a multiplier to viscous dissipation
term while its reciprocal appears as multiplier to temperature
term. High q00w and low um yield small Brqw which indicate strong
influence of properties variations on heat transfer characteristics.
The PSm,in shows importance of momentum transport over energy
transport due to m(T) variation whereas, PSk,in shows relative
importance of momentum transport due to k(T) variation and
the energy flow due to fluid conduction. Therefore, higher value of
these (P) parameters indicate predominant influence due to vari-
ations in properties.

2.1.2.1. Basic equations used in the simulation. The Nu (¼ h$D/km) is
dimensionless temperature gradient at the surface which can be
defined as heat convected axially to heat conducted radially and for
CWHF BC it can be written as:

Nu ¼ q00w$D=ðTw � TmÞ$km (2.5)

The km is average over the cross-section and Tm is enthalpy-average
temperature of the bulk and

Tm¼
ZR

0

rðrÞ$uðrÞ$CpðrÞTðrÞrdr=
ZR

0

rðrÞ$uðrÞ$CpðrÞrdr (2.5.1)

The Tm,in can be obtained from above Eq. (2.5.1) using uin(r) and
Tin(r) profile, as:

Tm;in ¼ T0;in þ ð7=24Þ$�q00w$R=k�Tm;in
��

(2.5.2)

where, k is iteratively evaluated at Tm,in by Netwon-Raphson method.

2.1.3. Boundary conditions
The governing equations (2.1)�(2.4) are numerically solved

using following four thermal and flow BCs.

(1) Inlet: At the inlet-upstream (z¼ 0�) fully-developed u(r) and T(r)
profiles are respectively given as, uinðrÞ ¼ 2um;in$ð1� r2Þ
and TinðrÞ ¼ T0;in þ ðq00w$R=kÞ$½r2 � ðr4=4Þ� [34]. The T0,in is the
inlet gas temperature at the axis of micro-tube and um,in is inlet
mean axial velocity. The constant mass flow rate is evaluated as:
m ¼ rm(p/4D2)um and vu/vz ¼ 0, vin ¼ 0.

(2) Outlet: At the exit (z ¼ L), static pressure is assumed to be
constant; specified as pexit ¼ patm ¼ 1.01325�105 Pa. Neumann
BCs are imposed on transported variables (u,v,T). The axial
temperature gradient is specified based on integral enthalpy
balance as: ðdT=dzÞex ¼ 4q00w=½ðr$uÞm$D$Cpm;ex�and vex ¼ 0.
r z u
r ¼ r=rm z ¼ z=D m ¼ m=mm
SrT SrP v
SrT ¼ SrT=SrTm Srp ¼ Srp=Srpm v ¼ v=mm

ensional.
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(3) Wall: At thewall (r¼ R), uw¼ 0 (no u-slip) and vw¼ 0 are applied
at non-porous and rigid wall and for CWHF BC ‘q00w ¼ const:’;
ðvT=vrÞw ¼ q00w=kw.

(4) Axis: At the axis (r ¼ 0), symmetric BCs are applied, hence, (vu/
vr) ¼ (vT/vr) ¼ (vp/vr) ¼ (vr/vr) ¼ 0 and v ¼ 0.

From inlet-downstreamupto exit (z¼ 0þ to z¼ L) r(p,T),Cp(T),m(T)
and k(T) variations are modelled. Inlet BC reveals the role of property
variation without mixing with entrance effects and gas convective-
flow is considered as Newtonian, single-phase, viscid and non-
isothermal.

2.2. Solution methodology

The above mentioned governing equations along with ideal
gas equation (p ¼ r$ℛ$T) are solved with proper relationship using
segregated implicit, finite volume differencing scheme. This deter-
mines five unknown field variables (r, u, v, p, T), which provides fluid
flow characteristics and energy transfer in a moving fluid. In order to
discretize the convective terms in the momentum and energy equa-
tions, second order upwind advection scheme is used. For pressure
correction simple algorithm is used to secure good convergence and
the residual for flow variable is monitored to check the convergence.
The convergence criterion is fixed such that plots of residuals for
energy, z and r momentum and continuity equations are less than
10�12 and these residuals are independent of number of iterations.

2.3. Validation

The accuracy of numerical results is ensured by validating NuD
results with constant property solution due to CWHF BC [17]. The
results are confirmed with benchmarked solution (NuCP ¼ 4.36) and
shows a relative error lower than 0.04%. Grid independence tests
were performed for grid aspect ratio (Dz/Dr)¼ 50 and themaximum
deviations in NuD for the following grids are yield within 0.12%:
400� 100 [(Dz/Dr) ¼ 50], 600� 150 [(Dz/Dr)¼ 50], 400� 200 [(Dz/
Dr)¼ 100] and 400� 50 [(Dz/Dr)¼ 25]. The enthalpy balance error is
calculated for all cases of property variations and maximum error
between inlet and exit enthalpy is found to be less than 0.08%
(dHmax< 0.08%). The Tm,in values are validated by analytical solutions
for cases of all properties constant and r(p,T) variation only, and
maximum deviation is observed within 0.1%.

The global aspect ratio (L/D¼ 100) is chosen large enough based
on: (i) fully-developed profile at exit and it is reasonable to post
v/vz ¼ 0 as BC at z ¼ L, (ii) need to capture the physical mechanism,
(iii) complexity of domain, and (iv) computational cost and time.
The highest Kn in the computational domain is lower by one order
of magnitude from, 0.001. This ensures that for the solution
of continuum-based governing equations Eqs. (2.1)e(2.4), the
no-velocity-slip and no-temperature-jump BC at the wall are valid.
Table 2
Effects of r(p,T), Cp(T), m(T) and k(T) variations on micro-convection.

(a) Indirect effect [through velocity (u,v) profiles]

Case r(r): u(r,z) r(r

q00W > 0ðair heatedÞ Flattens along flow: Nu [ v(r
Case Cp (r,z): v(r,z) m(r
q00W > 0ðair heatedÞ v(r,z) < 0 (radially inward): Nu [ (insignificant) Sh

(b) Direct effect [through fluid temperature field]

Case r(r) Cp(r) Cpm(z)

q00W > 0ðair heatedÞ Inverted-U0- shaped: Nu Y

(significant)
‘U’-shaped: Nu [

(insignificant)
Increasin
(signific
3. Results and discussions

The average value of Cp ( ¼ 1018.2 J/kg-K) is used for the oper-
ating temperature range of 273�550 K, since, the deviation from
average value is less than 3%. For the range of 550e2100 K, Cp(T)-
variation is obtained by least-square error fourth-order polynomial
fit within accuracy of 0.12% in following form [35].

Cp(T)¼ 874.687 þ 0.325431 Tþ�2.07132� 10�5 T2 þ�6.63386
� 10�8 T3 þ 2.66353 � 10�11 T4.

For non-reacting and perfect gas: air, m(T) ¼ 1.462 � 10�6T1.5/
(T þ 112) kg/m$s and k(T) ¼ 1.9942 � 10�3T1.5/(T þ 112), where, T is
in K [36].

The results based on velocity and temperature field character-
istics are explained in following sections. The effects of property
variations are summarized in Table 2 which provides indirect effect
on velocity profile due to variation in r(p,T) and m(T). The direct
effect are the effect on fluid temperature field due to variation in
Cp(T) and k(T).
3.1. Effect of property variations on velocity field

The effects on velocity field characteristics due to variation in
properties are noted as below:

(1) In a micro-tube, heat is conducted radially and acquired
thermal energy is carried away through axial convection. Fully-
developed flow undergoes a flow development in the vicinity
of inlet due to steep temperature gradient [37].

Fig. 2 illustrates vm½ ¼ ð2=R2Þ R R
0 vðrÞ$r$dr� variation along

the flow, (a) considering combination of r(p,T), Cp(T), m(T), k(T)
variation, (b) with different q00w, and (c) different um,in.

(2) The effect of variation in properties induces radial convection
while, radial flow and radial velocity (vm) is induced due to
continuity. The vm is radially outward, (i.e. positive towards
increasing radius) reaches to maximum close to inlet and then
decays along the flow (Fig. 2).

(3) The variation of vm versus z/D is shown in Fig. 2(a) for four
different cases: (i) r(p,T), (ii) r(p,T) and Cp(T), (iii) r(p,T), Cp(T)
and k(T), (iv) r(p,T), Cp(T), k(T) and m(T). It is seen that radially
outward vm reaches to maximum for the case (i) and (iii)
because of dominating effect of r(p,T) independently and
combined with k(T) variation. The effect of r(p,T) is to flatten u
(r) profile which promotes faster moving particles near
the wall; this enhances the convection. In addition to this, it
develops radially outward v(r) which increases conduction
thermal resistance in the fluid, thereby degrading the
convection.
,z): v(r,z) Cp(r): u(r,z)

,z) > 0 (radially outward): Nu Y Sharpens along flow: Nu Y (insignificant)
): u(r,z) m(r,z): v(r,z)
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k(r) km(z)

g along flow: Nu [

ant)
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(significant)
Increasing along flow: Nu [

(significant)
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Fig. 2. Variation of vm along the flow, (a) due to combination of variation in r(p,T), Cp(T), m(T) and k(T), (b) due to r(p,T), Cp(T), m(T) and k(T) variation for um,in ¼ 20 m/s and different
q00w, (c) due to r(p,T), Cp(T), m(T) and k(T) variation for q00w ¼ 5W=cm2 and different um,in.
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(4) For the case of heated air, the effect of Cp(T) and m(T) variation is
to sharpen u(r) by inducing radially inward v(r) profile. The vm
is radially inward (i.e. negative towards decreasing radius) and
in the direction of diffusion of heat which promotes convection.
But sharpening of u(r) profile lowers axial mass flux near the
wall, thereby retarding convection.

(5) Thus, the effects due to r(p,T) and m(T) variation in inducing
radial flow are opposite to each other and the following trend
of vm is summarized: vm_(iii) > vm_(i) > vm_(ii) > vm_(iv).

(6) It is seen from Fig. 2(b) and (c) that, increase in the value of q00w
and um,in increases vm. This is attributed to: (i) change in r

gradients along the flow and (ii) increase in vm with um,in to
conserve the mass. The enthalpy-average temperature of the
bulk remains unchanged with different um,in but not with
different q00w Eq. (2.5.2).

Fig. 3 illustrates u(r,z) profile due to combination of r(p,T), Cp(T),
k(T) and m(T) variation. The parabolic curve for fully-developed
constant properties flow is shown for comparison [35]. Due to
incorporation of r(p,T) variation, the profile changes from parabolic
(developed) to most flattened profile (undeveloped mode).
Increase in r(p,T) variation due to higher q00w causes more flattening
effect which reduces axial velocity at the center. This leads to large
mass flux close to wall, thereby promoting convection (since, Nu f

(vu/vr)w). Fig. 3 indicates solid line showing re-sharpening and
developing profile due to combined effect of r(p,T), Cp(T), k(T) and m
(T). The reasons behind flattening and sharpening effect of u(r,z)
profile are mentioned as below:

(i) incorporation of r(p,T) and k(T) flattens u(r) profile due to
changing velocity and varying density over a heated length of
flow and (ii) incorporation of m(T) and Cp(T) variation sharpens
u(r) profile by inducing inward radial flow.

For micro-tube flow, r(p,T) causes axial acceleration which lead
to change u(r) profile much flatter than parabolic [18,38]. This alters
shape and magnitude of velocity profile that produces additional
non-linear pressure drop as the fluid flows downstream [15]. The
physical effect of Cp(T) and k(T) variation on axial velocity profile is
relatively insignificant.

Fig. 4 illustrates r gradients over the cross-section due to
combination of r(p,T), Cp(T), k(T) and m(T) variation. In case of



Fig. 3. Radial variation of axial velocity at z/D ¼ 20.
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heated air, r(r) profile is an inverted ‘U’ shape and lower r closer
to the wall is less effective in heat transport, thereby degrading
convection (Table 2). The r(r) profile is an inverse of T(r) profile
and ‘U’ shape r(r) profile augments convection. Incorporation of
Cp(T) and k(T) variation increases Cpm and km along the flow which
reduces Tw and (vT/vr)w, respectively. This results in higher r closer
to the wall which is more effective in heat transport, thereby
promoting convection.
3.2. Effect of property variations on temperature field

The temperature field characteristics are governed by fluid and
wall surface temperatures, axial conduction and radial conduction.
The investigated heat transfer performance essentially shows
temperature field characteristics which are described here. Fig. 5
shows variation of Tw and Tm along the flow; Tw is lower due to
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Fig. 4. Radial variation of density at z/D ¼ 20.
variation in properties than Tw in constant property flow. The
wall temperature monotonically increases along heated flow due to
sw and friction at wall surface. The maximum temperature of air
shall be lower than its dissociation temperature (Tw,ex < 2000 K).
Incorporation of Cp(T) variation increases Cp near the wall which
causes reduction in Tw for a given q00w. Incorporation of k(T) variation
increases km along the heated flow which reduces Tw due to cor-
responding temperature gradient ðEq: : q00w ¼ kw$ðvT=vrÞwÞ. Thus,
it is observed that incorporation of Cp(T) and k(T) significantly
reduces Tw compared to r(p,T) variation alone.

Fig. 5 also shows increasing Tm along the flow because of heat
addition to the fluid. The Tm represents total energy of the flow at
a particular location in micro-tube and is given by Eq. (2.5.1). The
Tm,in reduces from 437.4 K to 416.5 K due to incorporation of vari-
ation in properties. The rate of change of Tm is lower for the case
of Cp(T) variation only, than for other cases of property variation.
This is due to increase in Cp(T) that reduces um (as um f Tm/pm).
Therefore, it noticed that the effect of Cp(T) variation is significant in
temperature field than velocity field.

Fig. 6 shows rate of change of Tw along the flow; (vTw/vz > 0) is
not constant for various cases of property variation unlike constant
property solution. Initially (vTw/vz) goes to the maximum due to
higher sw; reduces slightly and further increases non-linearly except
for r(p,T) and Cp(T) variation. This can be attributed to: (i) incorpora-
tion of r(p,T) variation causes flattening of u(r) profile which causes
increase in (vu/vr)w, swand Tw (since, sw¼ mw$(vu/vr)w) and (ii) higher
flattening near the inlet. The decrease in Tw due to k(T) variation is
higher than Cp(T) variation, therefore, (vTw/vz) reduces along the flow
for r(p,T) and Cp(T) variation. The values of (vTw/vz) are lower for the
cases incorporating k(T) variation compared to constant property
solution and (vTw/vz)without k variation > (vTw/vz)with k variation.

Fig. 7 illustrates variation of rate of change of Tm along the flow,
i.e. vTm/vz, bulk mean axial fluid temperature gradient. For constant
property solution, vTm/vz remains unchanged as the fluid flows
downstream. It is observed that incorporation of Cp(T) significantly
reduces vTm/vz compared to r(p,T) variation alone. The reasons
attributed are (i) axial fluid temperature profile Tm(z) is non-linear
for the cases where Cp varies and (ii) increase in vCpm/vz reduces
(vTm/vz). As vCpm/vz > 0 the term in energy equation (v2Tm/vz2 s 0)
and as vkm/vz> 0 the term (vk/vz$vT/vz) increases vTm/vz. These two
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effects lead to develop axial conduction along the flowwhich shows
different heat transfer behaviors compared to conventional channel.

Fig. 8 illustrates (Tw� Tm) along the flow due to “q00w ¼ const:” BC
considering variation in properties. The effect of Cp(T) is to reduce Tw
and Tm towards the tube exit. The Tw,ex and Tm,ex reduce by 110 K and
126 K, respectively, while k(T) reduces Tw,ex by 263 K irrespective of
TwCP. For variation in Cp(T), reduction in Tw causes decrease in Tm
and the overall effect is to reduce (Tw e Tm), thereby enhancing Nu
Eq. (2.5). Increase in Cpm along the flow reduces Tw and (Tw � Tm), as
q00w ¼ m$Cpm$ðTw � TmÞ and increase in km along the flow reduces
(vT/vr)w, Twand (Tw� Tm). Thus, rate of decreaseof (Tw� Tm) is higher
than constant property solutionwhich is due to dominant role of k(T)
and Cp(T) variation. Hence, Cp(T) and k(T) has direct/significant effect
through temperature field which enhances convection.
T m
/

(K
/m

m
)

0 10 20 30 40 50 60 70 80 90 100

12.5

13.0

13.5

14.0

14.5

15.0

15.5

(p,T), Cp(T), k(T) & (T)

(p,T)

(p,T) & Cp(T)

(p,T), Cp(T) & k(T )

Constant property solution

Fig. 7. Variation of vTm/vz along the flow.
3.2.1. Effect of property variations on axial conduction
Choi et al. [14], Shah and London [17], and Guo and Li [18]

studied the effect of axial conduction on h and Nu. They observed
that decrease in Re and larger conductivity ratio (kw/km) leads to
lower Nu. Mahulikar and Herwig [29,32] numerically evaluated
role of k(T) variation in axial conduction. They found that increase
in vkm/vz leads to increase axial temperature gradient and Nu. The
effect of property variation on axial conduction is explained on
the basis of axial temperature gradient. The axial conduction term
in energy equation is given by v/vz(k$vT/vz) ¼ k$v2T/vz2 þ vk/vz$vT/
vz. For Cp(T) variation the term k$v2T/vz2 is non zero, since, axial
temperature gradient is not constant and for k(T) variation the term
vk/vz$vT/vz plays an important role due to k(z) variation.

The effect of Cp(T) variation on axial temperature gradient is
obtainedbased on enthalpybalance along theflowdirection as below:

Heat given to fluid element þ conduction ¼ Change in internal
energy

q00w$pD$Dzþ ðvkm=vzÞ$jvTm=vzj$Dz$�pD2��4
¼ rm$

��
pD2��4�$um$vCpm=vz$Dz DT (3.1)

The effect of Cp(T) and k(T) variation on axial temperature
gradient is expressed as:

jvTm=vzj¼4
�
q00w=D

���
rm$um$

�
vCpm=vz

�
$Dz�vkm=vz

�
(3.1.1)

Along the axial direction Cpm increases as heat addition causes Tm
to increase andhigh vCpm/vz causes less jvTm/vzj Eq. (3.1.1). The role of
increasing vCpm/vz is to reduce axial conduction by reducing jvTm/vzj.
Low value of jvTm/vzj reduces Nu along the flow, since, lower jvTm/vzj
indicates lower Nu for a givenm. But Nu still increases along the flow
because Cp(T) reduces (Tw e Tm) by increasing h Eq. (2.5).

The effect of incorporation of k(T) variation is to increase km(z)
along the flow. The jvTm/vzj and Nu is higher for vkm/vz> 0 because,
it reduces Tw by increasing h. Therefore, jvTm/vzj andNu exceeds the
case for which (vkm/vz) ¼ 0 Eq. (3.1.1).

In the present investigation, thickness of wall (Dt) tends to zero,
therefore, Biot number (Bi¼ h$Dt/kw) tends to zero. For thin tube Tw
is equal to Tf at r¼R, since, q00w at outer surface and inner surface is
same. Therefore, there is no axial conduction in the tube wall.
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However, if Dt is assumed to be of the same order as D then the
effect of axial heat conduction in wall is given by Conductance
number [39]. The Conductance number is ratio between axial heat
conduction in tubewall andheat transfer by convection influid. Thus,
Conductance number ¼ (kw$Aw$D)/(kf$Af$L$Re$Pr), where, kw, Aw, kf
and Af are thermal conductivity and cross-sectional area for wall and
fluid, respectively. Fig. 9 illustrates variation of Conductance number
along the heated flow due to combination of variation in properties.
Conductance number for a circular tube is given as: (kw$4D)/{kf$Pe$L$
[(D/Dt) e 1]}. In case of conventional tube Dt is very small compared
to diameter, hence, Conductance number tends to zero. Therefore,
the effect of axial conduction in wall on convective heat transfer is
ignored (Conductance number < 0.005). In microscale Dt can be of
the same order or larger than D (Conductance number > 0.005),
hence, effect of axial conduction in wall can not be ignored.

The Pe is measure of thermal energy convected to thermal energy
conducted axially within the fluid, the inverse of which indicates the
importance of axial conduction in the fluid. The Pe increases along the
flow for the cases incorporating Cp(T) variation so long as k(T) is not
incorporated. Thus, incorporation of k(T) variation reduces Pe which
increases Conductancenumberalong theflowas Pef Cpm/km. Though
the heat transfer in fluid convection is substantial, the axial heat
conduction in wall contributes significantly to the net heat transfer.

3.2.2. Effect of property variations on radial conduction
Fig. 10 shows radial temperature profile due to combination of

r(p,T), Cp(T), k(T) and m(T) variations. The temperature of fluid near
the wall is higher relative to temperature near the axis of micro-tube
due to high q00w. It is observed from numerical solution that the
variation in Cp(T) causes slight alleviation of (vT/vr)w which reduces
radial conduction and this effect is insignificant. The radial variation
of Cp(T) has significant effect on Tm than (vT/vr)w and static temper-
ature reduces over the entire r/R by 45 K. The radial variation of Cp(T)
plays important role in reducing Tw rather than distorting tempera-
ture profile, hence, its role on radial conduction is insignificant.

It has been observed that k(T) variation directly affects the
temperature field by flattening the temperature profile. Increase in
kw along the heated flow for constant q00w reduces (vT/vr)w, Tw and
temperature difference over the cross-section ðsince; radial heat
flow; q00w ¼ kwðvT=vrÞwÞ. In case of k(r) variation, higher k fluid near
C
on

du
ct

an
ce

nu
m

be
r

0 10 20 30 40 50 60 70 80 90 100

0.007

0.008

0.009

0.010

0.011

0.012

0.013

0.014

0.015

0.016

0.017

0.018

0.019

0.020

(p,T )

(p,T) & Cp(T)

(p,T), Cp(T) & k(T)

(p,T), Cp(T), k(T) & (T)

Constant property solution
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thewall is more effective in convecting away the imposed heat flux at
thewall relative to the higher k near the axis ofmicro-tube. Therefore,
effect of Cp(T) and k(T) causes a reduction in Tw for the case of heated
air that promotes convection. The effect of r(p,T) and m(T) on radial
conduction is negligible as they do not reduce (vT/vr)w considerably.
3.3. Effect of property variations on Nusselt number

Liu et al. [13] numerically studied effect of property variation on
local Nu with different q00w and To,in and observed significant devi-
ation from constant property solution. Fig. 11 illustrates variation in
Nu along the flow and Table 3 indicates Numin, jDNuCPj/Nuexit due to
various combination of r(p,T), Cp(T), k(T) and m(T) variations. The
Nu is calculated using Eqs. (2.5), (2.5.1) and
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Table 3
The Nu, jDNuCPj due to combination of variation in r(p,T), Cp(T), m(T) and k(T).

Fluid properties combination Numin jDNuCPj in % Nuexit jDNuCPj/Nuexit
Constant property solution 4.36 0 4.36 0
r(p,T) 3.93 9.86 4.24 2.33
r(p,T) and Cp(T) 3.96 9.17 4.25 2.16
r(p,T), Cp(T) and k(T) 3.75 14.01 4.4 3.18
r(p,T), Cp(T), k(T) and m(T) 3.75 14.01 4.31 3.25
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jDNuCPj ¼ ½ðNumin � NuCPÞ=NuCP� � 100% (3.2)

The comparative study is carried out to note the differences
betweenheat transfer inmicro-tubewith property variation and that
in constant property solution. The simulation result for constant
property solution is in good agreement with Eckert and Drake [35].
TheNu in the present study is calculated using CWHF, laminarmicro-
flow correlation proposed by Sieder and Tate [41], Qu et al. [40], Wu
and Little [42] and Shah [17] which is shown in inset of Fig. 11. The
Nu due to all property variation reasonably agreed with Sieder
and Tate correlation, while deviated fromQu et al. Wu and Little, and
Shah correlation. The significant deviations in results are attributed
to (i) dimension selected for geometry and (ii) non-rarefaction
scaling effect due to variations in properties. The results presented by
Mahulikar and Herwig [32] differ from result of present investigation
due to different (i) aspect ratio (L/D ¼ 50) and (iii) inlet and wall
boundary conditions.

Thus, overall heat transfer performance (Nu) is determined
jointly by the following features:

(i) Incorporation of r(p,T) causes increase in um that lead to
significant development of vm. The role of flattening of u(r)
profile to change axial convection ismore dominant; hence, net
Nu increases along the flow. Initial decrease in Nu is because of
increase in (Tw� Tm); since, rate of increase of Tm is higher than
Tw due to developing flow.

(ii) Incorporation of Cp(T) causes reduction in Tm, which is
compensated by decrease in Tw. Therefore, for same q00w
increase in Cpm reduces (Tw � Tm) thereby augmenting Nu. The
change in axial convection due to Cp(T) exceeds the axial
convection due to r(p,T) variation which shows the predomi-
nant effect of Cp(T) variation on temperature field.

(iii) The rate of increase in Nu is higher for incorporation of k(T)
than for r(p,T) and Cp(T) variation. The reasons behind this are:
(a) increase in kw reduces (vT/vr)w, (b) decrease in sharpening
of temperature profile and (c) favorable axial conduction,
thereby augmenting Nu. The results obtained in present
investigation differ from Toh et al. [24], where k(T) variation is
found to be insignificant.

(iv) The effect of m(T) variation is to sharpen u(r) profile by
inducing radially inward v(r) profile. The effect is same as the
effect of hydrodynamic development on u(r,z) and T(r,z) profile
which degrades Nu marginally. Initial decrease in Nu is due to
dominating effect of increase in km over decreasing rate of
(Tw � Tm).
Table 4
Flow properties and non-dimensional numbers at different locations of geometry.

Flow properties at /various location
and Properties combination Y

Inlet sw,ðvu=vrÞw
Cpm, km 103

z/D ¼ 50 sw,ðvu=v
Cpm, km 103

Constant property solution 5.42, 4.02 1019.2, 33.3 5.42, 4.02 1019.2,
r(p,T) 5.28, 4.02 1015.9, 32.2 14.18, 10.82 1015
r(p,T) and Cp(T) 5.28, 4.02 1023.1, 32.2 13.64, 10.41 1131
r(p,T), Cp(T) and k(T) 5.25, 4.02 1023.1, 34.6 13.59, 10.37 1132
r(p,T), Cp(T), k(T) and m(T) 7.16, 4.02 1023.1, 34.9 22.75, 9.58 1132.3
3.4. Significance of non-dimensional number

Table 4 shows flow properties and non-dimensional number at
inlet, exit and z/D ¼ 50. A fully-developed flow enters the heated
section of the tube and as the heat is absorbed, the temperature of
the fluid along the flow starts to increase. In subsonic fluid flow,
pressure drops along the length of micro-tube due to acceleration
of fluid particle and friction. The density and pressure along
the flow reduces and Kn increases. The value of Kn is highest at exit
of the tubewhere, r is lowest and exit value of Kn increases with q00w.
This is due to: (i) increase in momentum which contributes to
decrease in the pressure and increase in Tm.

The Re decreases towards flow since air viscosity increases
with temperature, as the mass flux (rm$um) is constant. The M in
the problem is much less compared to 0.3; hence, compressibility
effects can be neglected [18]. TheM increases along the flow for the
cases incorporating r(p,T) variation and this is due to flow accel-
eration. But M reduces when Cp(T) variation is incorporated due
to lowering of Tm and um. For low Mach subsonic flow, gas density
variation is due to significant SrT resulting from steep temperature
gradients and Srp is found to be insignificant.
4. Concluding remark

(i) In compressible laminar fluid flow, incorporating different
combination of r(p,T), Cp(T), k(T) and m(T) leads to non-rare-
faction scaling effects. It is noticed thatNu deviates significantly
from constant property solution; especially in the beginning of
the computational domain, though this difference reduces as
the flow proceeds.

(ii) The r(p,T) variation causes flow acceleration, flattens u(r)
profile and increases (vu/vr)w along the flow. The net effect of
increase in Nu is due to flattening of u(r) profile than outward
convection and decreasing effect of r variation.

(iii) The reduction in um and increase in Cp near wall causes
reduction in Tw and (Tw � Tm); although incorporation of Cp(T)
reduces vTm/vz except r(p,T) variation. The net effect is increase
in Nu. The effect of Cp(T) is more prominent in high tempera-
ture region that helps to reducewall temperature towards tube
exit. The term v2Tm/vz2 in energy equation is non zero which
contributes in determining axial conduction in flow.

(iv) The role of k(T) variation is to flatten temperature profile,
reduce (vT/vr)w and induce favorable axial conduction. The
vTm/vz induces to occur significant axial conduction along the
flow thereby, augmenting Nu.

(v) The effect of m(T) variation is to sharpen u(r) profile by inducing
radially inward v(r) profile. This leads to non-negligible inward
radial convection relative to axial convectionwhich degradesNu.

(vi) The effect of r(p,T) and m(T) on convective-flow is indirect and
deviation in Nu is significant through velocity field, while
deviation in Nu due to Cp(T) and k(T) variation is significant
through temperature field.

(vii) The (P) parameter indicates relative significance of cross
flow momentum transport and energy transport due to fluid
rÞw Exit sw,ðvu=vrÞw
Cpm, km 103

Rein,exit
Min,exit 102

Knin,exit
104 Pein,exit

33.3 5.42, 4.02 1019.2, 33.3 500, 500 4.8, 2.5 1.41, 0.74 389, 389
.9, 32.2 21.45, 16.38 1015.9, 32.2 518, 518 4.9, 9.5 1.41, 2.72 401, 401
.6, 32.2 19.81, 15.12 1221.9, 32.2 518, 518 4.9, 9.2 1.41, 2.62 404, 483
.3, 56.4 19.76, 15087 1221.9, 71.6 518, 518 4.9, 9.2 1.41, 2.63 373, 217
, 56.5 41.45, 14.28 1221.9, 71.7 518, 235 4.9, 9.2 1.41, 5.8373, 217
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conduction. Therefore, high q00w and low um produces higher
value of (P) parameter, which indicates stronger effect due to
variations in properties.
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